
fi A - D AIBEG category

kernel of f ,
colonel of C-

A KC
→ B

E- tf | v. ☐014,17 !

D F ! D
Coker is epi

kernel is a mononorphisn .

⑦



Idea of abelian category

Behaves like ab . gaps , modules out Comm rig
,
etc

Examples
abelian groups

• Ab
Mod .

over conn rig A
• Mod (A)

sheaves of us . gps on top spout
• Ablxl

• Mod 1×7 140×1 rigid space shears 1 Oy - nod -

✗ sirens : quasi coherent
sham

• Qiculx )
✗ North she

cuheiert sheer

• Cuhk



Def An abelian category G YA ,BeG

• Hon / A , a) . If

• Hon / Ap ) ✗ Honk , c)→ ltonlA.cl come .bikn.to
exist

. Every morph . he > a kernel + wkerncl

• Every moron orphism is kernel of its c.Ker .

• Every epinorph.sn cuter of it ten

g

AAIB > chef
long T 1nA 5A

if f mono -



C abelian category

off chain complexes in G
del

A. c- CIG) . -A
" 'ÉÑ-

"

A
" '
- - .

dlodi-1=0

tick ) c- G
h 'lA1=Y÷j , eh



→ Attias "'
f. : A- → B

'

c.④ ye tf
' " -

h - ( Ef ) : h
' ( Ai ) - hyp

. )
-
ribisi"

f
""

d
'

:D 'f°

kind 'n
.

ludi,
Ind I 1- d5://ineuuh.lt ' o - $Yn÷?

Short exact sequence of complexes
G- A-→ B 's CLIO

0 - A - B'→ C-→ o s.es .

Si : tiki- h
'

"( A- I



or
'
: Hyo → H'

"(A) pi→c
'

-
o

ne
't

. ⑦ i→g→0
gekndi [ 9) 1- te? *It too

one - If -0 → o

eeknd

•

a

Aµ BitiI
✓

Ex : Jt indef of
de -104=0

choice off



Prop 0
→ A

'

- B'→ c-→ uses

gives rise
to toy exact sequence

- -
. → HYA '

) - hits / → HYO p
'

ihtyjl-H.lt# gin

-i hit ' vii.→ . -



Pf ① Can be proven directly from the

axioms for abelian categories ( hard ! I

② Use Freyd embedding theorem

and diagram chasing

G C Mod /A1 me A



ltonot.iq f
, g

: A- → B
'

na
'-4%-4"A%

C- no fit . :#É€i%¥É,
d
'" Il

fi- gl= d
' - ' K' + k

" 'd '

Pnp : If frxgg , then h
' / f) =hi(g)

Pfi LYAI 7TH htknndia

tilt / - h' (g) induced by d
'- '

k
-

+ k
"'d
"

A- pin to h ( d
' - '

k
'

h + K' " d- 4) =

¥4ofd-
"

k'h2=o in hits ' )

h - Lfl --4491



G
,
D abelian categories F :@ → @

covariant functor

Def F is additive if YA
,
BEG

HonqlAiBl-sH.n@lFlAYFlB71l7ahonom.ofab
. gps

F is left exact if it is
additive and

for all Ses O - A - B -1 c→o Ses

0→ Flat -1 ftp.1-FCY exact



right exact FLAT - FBI- F( c) → o eat

0 - Flats Fools Fatso exact
exact.

For contravariant functors

b- Flat - FBI -1 Flat exact ( letter.ch/

Flo / → BABI → Fatso right ebc.it

Ex Hon ( •

,
A) : Go- Ab left exact

G- Ab left exact
Hon ( A , •)



A- B

C abelian cater ]
If LF ?
I

bet I e Ce injective d-

Its - l ;I) exact
0-A- →

B
f

Howl B, Il - Hou /A.
'

II-0

Del AEG injective resolution of A

0-2 An I.→ I' → Its - - I
>

inject

excl-

Ex : G = Ab

Def : G c- Ab is divisible if

V-yl-GV-nl-ZIT-hc.ci
sit ginh



7hm G is injection ⇐ G lj dive > 116

Pf Suppose G not divisible .

Pick ge G) n c- I sit . ☒ hell
g. think

G- TLC Ifni CD

1¥,
¥ 'F ? Yn 1=nl ! /

GG h

←
2- . y=nh

So g not dives .



Suppose G divisible
,
show G injection

ACB

☒ LF ?
G

By a Zorn's lemma argument , suffices

to show F H
,

A E- HCB

¥
Will show existence of H



Put ✗ c- B- A

① Suppose nx ¢A Hn c- It .

Then A C H = A + Zx CB
I

a) £4 Ytatnxl

G 9cal

② Suppose NXEA
,
n c- It minimal

Pick
g. c.

G
ng Qlnx )

At Z.P-Gplaimlt-alali.mg
adf.at

☐
7
"

it Kerce
'
c kerf

attaint.cl/a1tmX



Pnp G c- Ab . Then F inject in H
,

G CH

Pf ( sketch )

I cZHlingc- G- Ig C G +9

is I É$g¥oIg - =-D • 012

G " TH Ig 1^1 -

g c- G- 0



C abelian category

Def G has enough injectors

VACA F in , IAG A- I

Ab /Miodttl , AHH , modlxliaiolxli.HNExamples

Lenora C his enough injective, =,

ever,
AEG has an in , res .

pto-A-I.MIL - - -

ti - ITIL -1-1=1



Lemma : A - I.
,

A - J
.

two injective resolutions .
Then

I
"

and J
'

are homotopy equivalent

pc. 1 sketch / I%na
,

0 - ☒ d- I°↳→I'→ -1=2

it ft ↳Ltt 915
o - A - J - J

'
→ It

=

0 - A - Io - Il - -

11 fgt At

o - A - I
.

- I
'
- - HI ,

,

-

-



f- : G → @ covariant left exact

lt A c- Ce pick I. injection res of A

0nA → Ion I'm #
-
- a

RiF( A) : = h
' ( FCI 'll ¥

o-sfltil-ir-IIY-FIIY-E.LI/FiTi/=lmdY1~dY' C-DO-1A - I
'

FCI
'

) h
' / FCI )

"

o - A - É! Tda-
FIJI

KIELTY

diff choices of I
'

give Ison R' FIA )

R°FEF☐



Ex : ✗ top space F- c- Ably

fly . ) : Ablxl - Ab

Hill,F ) : __ R' FIX , F) c. Ab

Ex ( 11,0×1 ringed space
( e.g. scheme )

rlx
,
-1 : Mod / XI - Ab

Ablxl

Prop : derived functors agree



T.hn ✗ North top spas , din
✗ =n,FeAblH

then It'll,F ) = O l > 7



Ex ✗ scheme
,
din ✗ =o North

0 -i f-
'

- f- → f-
"

→ u exact

→ o-ircx.fi/-irlx,F7nrlx,FY-#
AHH → ATM → HUF

" )
r

Ex : II.ve#k4F%FeAslx1-&1tilX,Fl=uV-c
? 2

Will see later that if F constant

✗ erred =/ ltilx.FI -ou ltc ? /

Warning : It XIQ
' Zariski ty

Ancheta top #



Thr Ce
'

ab cut with enough injection
,
Dahlia

f- : C - D covariant , left exact . Then

• Rif : G - D addition

•Ferro
it se ,

0 - A'→ Att "→É
@

and Czo han

Ji : RIFCA " )- R'
"

FLAY and 1. e. s
.

G → NFCA't- Ri Flats RIFCA
"

/ In
' Flails R' little - - ☒

• Given morphine of sees
,
I's give

R' 'FCA"/-&R " 'fAy
o - A

'

- A - A
"
> 0

so
- Kiri, 'É, •

' *
of

R' Ffs "/→ R'
"

Ffs)
• Ie h injection ,

C>u =3

R' FCII = 0



pf ( sone Pohl O → A- → I -%Inf→
.

R°F(AM = Ker ( FLIP - FCI

.tl?kerl-rH-1-Fknc.Y-~Fhiexaa-0-F#.-EE?---5*-FY,I¥
,

o - aÉ⇒É_É" - .
If 1

A'→ A - A "

_i→¥→¥y .
o→i→II•→lI"1

'

-10

I¥YI
G- FKI 't ] - FCI 't - FEI

"

)I→o c- D R' FCA "/

R'flakier# il-iiir.IE#-h4r-cI
" -11

halfwitted .

RMFG.io/70-iI-fI-DRif(I1=hi(F(0-i--o-I-io--)
in ) re>

d- I = hello -1.0 - Fliltio)
' { ¥± , .



0 -1 A
'
→ A'→ A

"
-10

-

- - + t 1-
-

f
o → (I%→I° → (I"i→o

d
l t

v TI
' I'
→ I

'
-1

" l
'

→ 0

d l l

l
,

~

\

rkiÉ%,
rows exact

° -1 r-kt-YY-FCIY-f.CI
" . )

etat

0 → FKIDY-fii-il-r.FI"y→u
on

!
,

i
-

.
-



Return to F : G- D left exact
,
G enough ing -

Def : JE Ce acyclic for F if

Rlfljl =o Kc > o

Pnp ; Suppose A c- Ce
,

O - A - F- g-
'
→5-

iii. iii.
J
'

acyclic .
Then

h
'@ 15%7 a D

R' FIAI _~

Pf ( sketch / 0 → A - J°→ K
'
-20 exact

o - k
'

→ J
'

→ K' →

0 -1 K
' :-, 5<-1 kill-20ex.ee/Rit-(Al-~R'-'F(k')=R'-2FfkiY-r.ui-~pif(k ' - 1)

- -

O → Flk "
'

) -1 FIJI
-

1) → Flki ) - R'Flk " 'D -1,0,
R' Flk"" / + coke @ ( J

" / → FLKY ) : R' FIJI



0 -1 A - J- K
'
-10

20

RE -f.* R'
"r-KY-IR-FCAI-iar.lt11

( c 14
"

o claim

R'FIAI
colon CFLJ

" ) - Flk
' ) ) th

-

FLJ)

FIJ#→ FLK ' ) → FLJY
oik
"
- J

'- '

→ ki→o U

kn ⇐( Ji#ki " / 1)* a →KI Ji→
"
→ °

2 km g. (ji)→ FLJ
" 't /



Derived functors satisfy a univ prop

C
,
D ab cuts

Def A ( covariant ) 8- functor Ce -1 @

is a collection { T
"

} : Ce → D analtses

O- Al- A - A
"
-20 in Ce a morph

8 :-/
'

( A
" / → T

'"(A ' / at
• Lets 0- TTA ' ) → Tolan -14A

" ) -0, -14A 't' - -

•
V-m-rh.im of se ,

0 - A'- A- a"→o

u - E '

-
É→É"→o

TIYA " ) -4T "YA ' /

I
↳ t

TYB " / IT"( BY



Def .

8- functor { T 'if:& → D is universal

if given any other 8- futon {Ti ' ) : G- D

and nut 't transf fu -7°-# % F ! sequence

f
,

= T
-

→ 4- 1)
°

extending to

commuting with Jc for each sees

1) If An additive F : G-iD is effaceable

if Y A c- G F A -4, B mon.

Flute 0

Co effaceable it ✓- A F DIA epi

Flu 1--0



Thr Ti {T4czo cow or - functor

If T
"
is effaceable Hc > 0

then T is universal

cur Assume C has enough injecting
Then it F :G→D left exact

,
then

{ R' F)
ezo

Univ J - Fana . R°F_~F

Conversely ,
if T :{ c- Yezo any univ

J - functor and To left excut
,

then Tie R' 177
Pt : see text



Derived categories

e. eccl

K' (C) = homotopy category

Ob KLCI = 0410kcal )

no- ( A;D
' ) = More.com/Bt/-hon.tniIilc1

Translators f- nicker T : K' (C) → K' (C)

FLAY
"
= A

""
d
-11A ,

=
- DA '

ce : A. → B
.

T Lali = Ce
" '

The) :-((A)→ TCB' /

Alternate not .tw. -
. A. [ 1) = TCA

" )
" shift by 1 to left

"



Cones 4 : A -1 D
'

.

B
'

-

Core (a) c- KLG]

As a convex Conkel -- T (A) ¥ B
-

t
Dieter.tn '

= tail
dconela)

dance , i could → core /⑥ /
it '

¥+1 ④ Be
' II

A-FD-i-c.FI cap
distinguished triad

Example of distinguished triage A
'

- D
'

TH t
c.rely



Recall hi : eccl - C

Induces h
'
: ICICI - Ce

Def fi A-→ B
'

is a

quasi
- isomorphism Iq c) if to

h' 161 : hilni) # bilk )

"
Invent go

"
to get derived category

Ex - O → A → B→C→o se .
> -

a
' h4ñc=Aon A -10 nihil :B

% " ft '÷µo →B- É→o
A=h9F 't h

' (F) =D



Dlel

Ob 1) (c) = 061kcal ?

No -
me ,( A;D

'

) : { Q
'

gita .

↳ In
QYp.in
kid jg
get 11%1" %

.

,
. c.

c. mornin' '

defines cone
. > in



Now suppose F : G → D left exact
,

G has enough injection .

Will

define

RF : Dca ) → DID )

A. a Dlc ) 7 A
'

Ii I
' I' inserts

( ebe.ru/

At C A- = 0 → A- o

o -
¥→¥IÉ.- -

u
-A- IIF's - hypj / +20

" °

A o_0

In ) res

RFLA
' ) -9 FCI ) ⇐ B. (D)



X
,

F c- Ablxl III. 2

Def F is flasque if U CX

open ,
Flvl → > Flu /

EX F constant sheaf on
Tried space ✗ is flasque

( see next page )

Lemma : ( 11,0×1 ringed I c-Modlxl injector

=, I flasgue

PI ' Ou : = j :(0×41 j : UGX -

11.10×4 ( w ) : 10kW
) would

0 w¢u
←

O - Out
'
- 0¥" Try to lift sq¥¥br¥¥

Ho - 10%01
'

sf¥dF*
= flu)




