
Schemes ( IH] CHI -2 plus material
from inch } - a)

Conventions about rings in this course

• All rings are commutative with
1

• All homomorphisms
of rings take 1 to 1

Classical algebraic geometry example

✗ = /Ñµ AIX / = ring of regular
fans o - X

affine variety = Ktx , Y ]
Given AW

,
recover ✗ as set of max idea "

HTIX c- { max ideals of ktxip?
K

11

✗
→ { ( X - a ,y - b) }( a ,b ?



Affine scheme A ring

Spec (A) is a top . space
with a she-frfr.is,

As a set Spec (A) = {gc A prime ideal
>

Let or CA ideal

V(or7 = {g Igor ) especial
henna Ca ? If r ,6eA ideals

,
then

✓ lab) -- y / a) uvlb )

( 47 It { ad any set of ideal of A
,
this

11 / End = A. 4.1.4.1,
Col Vlad # (b)⇐ Jb E For

[ Recall for :{ f- c-Alien ,rÉT } = Fong , if prime ]



Part .cl Proof

can g c- 111m37 ⇐ g
sort g 2oz

or gobI
>
rib

⇐ Pf of claim . if
3 or => igznb g c- Klum

F) Sarron go orb but g
-tr
, f $2 .

at R-y b c- to -Y
ab tub - if = 4 A.

( gl see text
a

lot Yln ) CVN .
Then rn = ng ? My

C-youthful gild

Conway , if rn 356
,
let ye YH

⇒ or
. y ⇒ TYG → . ⇐ V1.*

Fb



Cor : { ✗ Coil } are the closed sets of a topology

on Spec (A) , the Zariski Topology

Pf : Follows from 4,51
,
Spec /A) =V(07,01=114117

To complete the def . of spec A , need a sheaf

of rings 0=0
Spect

on Spec A

Need my 0hr1 for each VC Spect open and

restriction maps



Recall Ag = S
- '

A
,

S = A -g

:{ :-| " In

0 (ul = {s.tl - lg÷uAg / style Ag Yg : U
a)GIV

, fell all , a
,
f- c- A

, fctq Hq c- V sit -

5127¥ f- c. Ay
F- Us seed

Olul is a rig

If U
/

c U
, define fun ,

:O/v1 -101W)

0 is a sheaf
-

( see-8,0 ) spectrum of A



f.CA Important definition : ☐(f) = See- A -41101

open .
The { ☐(f) If .CA ) basis fw topology €

Social ( see text * IV 3.537

Recall from algebra : Af = 51A
,

5=11
,
f
,
f ?

.
- I

= { ¥1K

Poop A ring ( Spect ,O) its spectrum

Cal Hgespeca , 0g
_~ Ag

Cbt Hf c-A
,

011311-115 Af

lol Tf Spect ,O ) : _-O( Senate A
"

r( seein #



Pf ( sketch ) ye DCH# fctg
Cal see text Sena

CBI → e) Put f--1
,
so that 17111 In

,
A

,
er lol

u -

(b) Define 4 : Af → OCDCEII A-

41¥) = [ gc-DH-li-a.IE Ay]
Cheuk well - defined

show 4 injective t surjective

hjeutm : If 41%1--44=1
for any of c- Dlf )

, they sit
.
hlfma - Ib) =0eAg

oh :-. Ann Ifma - -1^131 .

h.cn/hctg--1n4g:-Yln1nD(f) =p =) feta .



fc. for =/ f- Ken some kzi

=, fk( fma - f^b7= 0

→ ¥ = Fn in Af

surjeutiuitz harder
,
see text .

See also exercises in IV 3.57



Dik Ringed space ( 11,0×1 toe space +

sheaf of rings

Morphin ( 11,0×1-14,041 is pair

( f
,
f
# ) : f : ✗→ Y Conti

✓ it f*H : ¥1.4 -¥÷;0×H§# : Oy → fyoxm.o-r-eh.ie.~
0×4-44

( ✗ ily ) locally ringed space
-

. Apex , Ox,p
is a load

ring

G.mn PEX get indued f¥:Oygp , > Oyp
OY

,
fie ,

= II. Uylvtoylvf-%ff.ch)(v7
4) flpl ⇐

y
l F-

'

/ v1

I → Ox ,pOx ,p
Locally ringed spaces for a cate > •y

p ,
f
- l

/v1



Def i let (A. Mal , ( B,mBl local rings

Homomorphism Q : A -1 B local homomorphism if

Q
"

/ mpg
)= Ma -

Df : ( 11,0×1 , / 4,041 Ioc
. ringed space

If ,f# ) : 1×10×1-114,041
Morphism of locally ringed specs

• morphism of ringed spaces

e. Up c- ✗
, fp# : Oy,flp > 0µg

local humor of local rings



Pnp ( at A ring ⇒ ( see - A. 0 ) hoc . ringed space

(b) Q : A- D ring honor . determines a
natural

honour . of Loc . ringed specs

( f ,f# ) :( Spec B , Ospec B)→(?eecAc①sµcA )

lol A
, rings , then any morphism of Loc .

ringed spaces Spee B- Spect induced by

homomorphism Cl : A -7M as in (b)
,



Pf ( sketch ) Cal 0g
'

Ag
al

- f : speed _→ Spec (A) f- (g) =q"( g)
go

f- ' ( Vfa ) ) = ✓ (Utr ) continuous

go See - B
:

Cly : Aqyg ,
- By

'

f #1:11 ) : Os
,
.HU/-OspeeplC- " lull
"

{ s :X - ¥, -1%1 . -. ) - { s : f-Yul - HBG )
9¥14

induced by { 4g )
( c ? Take global sections

1^1 Spent
,
O l - P(§ecB 101
K

A
' §

Check this induces given morphism of Ioc - ringed spaces .

See text



Ex : A : KEY,y , c- D ,
B -- KEE?

Q : A - B ✗ test
, yet ! 2- ↳ C- 3

( f ,f* ) : spec B- Spec .A .

Let a c- K
, ya := It - a) c- Spec B

f( ( t- all = a-
'

(( t - all = ( x - a,y - ait - a' 7

C- Spec A

Def • Affine scheme : locally ringed space isomorphic

to I seen A. 07 some A

a Scheme : locally ringed spoon 1×10×1 sit

V-pc-XFPE-uexs.t.tt#-10×1*1
is attire scheme

✗ underlying topological spice lur Spx )
Ux structure shed.-

category Sch
Morphism of schemes



Ex : Speck = { 07 014--4 ik
d. neo me

¥¥eu Kitt

Spee 2 0
It - at

a. n

Fina

☒ See KEITH la DVR ) to :(E) 1-1=101

t÷E÷
,

cloud { Ep = ✗

See k[ × ,y )
• * - a. y.si¥"☒µ*=

see.><i×*:¥¥
'

www.rii

zazen t '⇒÷↳I
suck



✗
1 ,
Xz schemes ULCX , open c--42

a :( Ui , Ox.lu , ) → (Uz ,Qdu
,

)

Ison . of Loc
. ringed spaces

Glue X
,

1- Xz al- ng
Ui
,
62 using

ison
.
Q

✗ = X
,
I XL / PEU ,

- alp / c- U< Yard
xnarx

see text for details

Exanie ✗
,

= ✗
<
=/At U

,
-

- Uz://ftp. - { 1×17
A : u , → 42 Identity

←-
-00€ - :-

origin
"
doubled

"



Pros
S= to sa graded ring .

Elts of any Sa homogeneous
NZO

Sis , csiij
St :-. ④ Sa irrelevant ideal

NZO

Def / lemma An ideal or C S is homogeneous it

equivalently
(1) oh can be generated by honing .

e. Its
,
or

In or
-

- nnsn

Dnf Prog S : = { orcs / n honey -
ideal

or 7-5+3

Next : give Pnjs the structure of a scheme



NCS honog .
ideal

H1n1 : = { of c- Pross :& > or }

Enna • If n
,
6 CS honog .

ideals
,
the -

Nabl -_ VINU V16)

•
If / oh , ) any family of honug . ideals , the .

V1 -2%7=7 VINI

Pf Essentially same as for spec A

i. { V( nil are closed set , of a topology

on Prylsl .



Sheaf of rings Oprogs
Essentially sane construct . -i as for Ogpect

Repka Ag by S④ ) defines as follows

T = { homo
,
elts of S not in g)

Sy,cT'S
{
"

hung elt, of degree 0 }

i { ÷ /
• c- Sn

sone n } /~b c- Sn -g

Opr.gs/V/-.9sgeVi-iyl-.9gts.Y'--Si-yi-i7....FgcWcu..s-.IVcPnjls1
o- v



S graded ring

poop • Yg c- Projs , Oye 5cg ,
a _V honey f- c- St homogeneous

1)
+
( f ) : Ige Pross / f¢g )

open cover of Puro
,
5

I(1) + (E) 10pm,s ☐µ ,
) " See- See ,

Notational Warning : here (f) does not denote the

ideal gen . by f l which need not be prime ) . Instead

see , Csf is the subring of hong elts of dgo

a Pnjs is a scheme



Pf : Entirely analogous to the proof for Secc .

Ex : Ipn
k

= Pry ktxo , - - ✗it

more generally , for any rig A

PI = Pry Atxo, - - in ?

Exercise : U
,
= 1A !, - { 07 1=1,2 as before ,

.

" ! 11

171×1 Spec k[×7×= Spec KEX, 's )

Now glue vi. KIX
,É- Ktx

,
¥7

✗ 1- ¥

Show glued scheme is ison .

to IPL : pryktx.in
17+1×07 uptlx , '



-

Let S be a fixed scheme

Df A scheme one
S ( or S - scheme )

is a scheme T together with

a morphism T→ S

Morphis - of S - scheme T- S
,
he -is

T- U
gents ?it

S lur Schla) if 5-Spect)
✗ It ✗ ☒Fact

f*:k → 940×1
v1

k - algebrano,µi



Kiki

Pnp Have natural fully faithful functor

t :\/ arlkl - Schick ) sit .

• V-VEVarlt.tl/honeo to closed points of self

• Sheaf of reg functions Ov
is obtained from 0

the ) by restricting
tov

restricting to closed point

pf ; see text



Main examples

• ✗ C /Â µ affine variety with ideal

I cktx ,
,
-

>
47 then

-11×1 = Spec / Kix , - - ki / It

µ
projective variety with

• ✗ clp
'

homogeneous ideal

I cktxo - - Xi then

tlxl : Pro, /* % , - i. xD A- )


