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1. 2 Categories and Functors

Categories : objects and morphism

• Collection of objects 05,161,0516 ) , or just @

• To any object
A

,
B E C

,
a set of morphisms

Mort -1,137
• Morphisms compose by a map

of set HA ,B,C c- f
'

f

Mor 144 ✗ Marla
,

→ no -144

Write f- E- Mo - IAIBI as f : A -1 B
g :p -1CComposition as g. of : A -1 C

• It A c- Ce F 1A e Mor IA ,A1 such that

BEG
,
Ff c- MORIA , B) have f=fuIA ; Igf



A morphism f e Mor ( A , B ) is an isomorphism

if there exists a two-sided inverse

g. C- Mortis / A) 1
,
.

- fog ; got# f-
A

Examples of categories

• Sets and maps
of sets Set

• Abelian groups and group homomorphism Ab

• Modules over a ring A- and homomorphisms of modules
M- DA

e Topological spaces and continuous map ' Top

• Differentiable manifolds and differentiable map
Diff

• Algebraic varieties
and morphia of varieties Vary

• Sheaves of abelian groups on a topological space #

+ morphisms of shears Aba)



Functors

categories G
,
D

F- . Ce → D ( covariant by default)

• F : oh , / G) → ob , / D)

a t cyc, c- C Morcfcycz ) → MorD( Flcil ,
preserving composition and identities .

Examples
• Forgetful functors , e.g .

F : Ab → Sets
,

F- (G) = G

( " forget " that G is a group)

• Representable functors V- A c- I have

hA : C - sets HA (B) -

- Mor IA

.rs/hAiMorqB,c1-Mor(hAlBl,hACc11,hA(f1: fog
-

f¥B→c
Set '

g. IN half / [ A→ D) → [ a-→I



Terminology

f- : G - D is faithful if U C
,
C
/

Morale , c't - Hmogolfccl, Flop isinj

full if surj

fully faithful Maison o
-pl

C C D full subcategory :
i : G- D

fall



Contravariant functor : reverse the arrows
'

A - B - C

Z
,

FCA /← FIB# f- (c)

Eeexnnpbs

✗ us Hill
,
-27 contravariant Tor to Ab

Represent alle functor ( functor of points
)

AE Ce ha :C → Set, contravariant

ha (c) = Mor ( GA /

Btc hath → hats /
9

1-CIA] → [
f. 5
A → AT



Opposite category GOP to @
reverse the arrows

Then a contravariant functor from C to D

15 Identified with a covariant

F : cir - D



Natural Transform between two functors

Given categories &
,
@

Functors F
,
G :@ → @

A natural transformation F -99 is :

• It, CeCe a morphism ma :Flc7 -1914s.t .

• if C -4C ' Flcl -4914
FCE / f G fact,
Fl 'd# GUY

Natural isomorphism : each my isomorph .sn



G ¥ ☒ f- y
not , ↳~

Equivalence of categories to x-p

gf nut 't ison

to
.IQ

This is an equivalence relation on Categories ,

Equivalent categories may
not be isomorphic

!

Ex ( EU) Ex 1. 2. D) 031W) = { kn : no.IN )
+ linear trust

Obtldeut ) . 7 finite dimensional vector specs / k

t 1in . trans

U and Veit
are equivalent, but not

isomorphic



Useful concepts defined by universal properties .

• Localization A ring , SEA mwlt set

consider A - algebras AGB s.t.cl/s1unitV-sc-S
.

A -1 51A is universal for this property :

A
-

S
- '

A

⇒ ¥7
! #

9- c- ÉA : 41%7 = 91
"
qla)



• Tensor products of A - nodules

µ ④AN universal for # Inline ar map,
MIN t

AMMA
p c. A-nun

Mxn → P
RM
w

, m☒n

→

• Fiber products TÑ¥ arbitrary )

D-AA
'

une
.w¥j¥¥¥

tti
- e ☐



Yoneda's lemma A,A'E 041061; ha ,

.hn :C
"
- Set ,

The natural transformations ha to ha , are in

bijection with -More ( A , A
' )

Pf ( sketch / Given Q : ha - ha, apps to A

Mor /AAKhn-l-M-iha.LA/=Mo1-AiAYhim AIA '

ha - ha '

hath → halo /

Bta to r±%



Def AÑiTe%r, I is filtered I

• It my c- I F 2- c- D +
"

y
• H ✗ ÷→y F y -47 Sit '

hot :b - y

Exeruu Suppose I filtered F : I - Sets diagram

Flit -- Si

'

⇒ silk " '¥"Y
lysd~lj.gl if

I f :S
,
→ Sk g :S, -15µm charm

flat -- ④ la, / c- Sh
'

Compare to explicit formula for stalk, of sheaves



Adjoint functors

F : G- ' D left adjoint to G :@→ @

( equiv
: G right adjoint to F

V C E L
,
D c- D have natural bijection

Mo -
•
( Flo,D7 c- Morale , Glad



Exs

1 , ✗ top spoon G pre sheaves
of abelian gps on ✗

D= abcxl

F :C → D of - g-
t

G :D -7 C forgetful

F pushed. ( Fed )

g sheet ( geaslxil

Moran,( FIJI ← Moral 7 , g)

of → g lj just the statements the univ

prop of the aswcivter shed
.

Ift ¥ ! construction



2. f. ✗ → Y cont nip of top . spay

GHYII-iar.CH
f-*

f- ' left adjoint to f*

tf c- GBP97 g c- Gbtxl

as
# & fig )Mora , ,×,

/ f- ' F
, gl ← Mo -

.

Sketch Given 9 : G- → fog , another

✓ f-
'

9- → g. Ttuicx need

ENCY , fluicvhang-I-%fa.gl/vl--5Kf-4H#-.-d6

B¥ Glint
yet f-

'

Fly ) -1-19141



Abelian Categories

1) of C is an additive category if

• It A. Be @
,
M-re.CA, 7 abelian gp

a Y A
,
B
,
C c- @ grouphomomorphisms( BB , C) ✗ North → .Mor(A.cl

• G has a 0 object (
initial + fine )

• ( has products

( A. ✗AMA , B - A
, )Unlv . for

da t
A- ✓

Limit 1¥
,

I = •

' ?

F:D-1C
1=111 : Aa
FhL=Av



In additive category Ce

Homely B) := Moretti 07

morphisms in & called homomorphisms

C
,
D additive categories

Def Additive functor F :C →
D

• F functor

•
KA

,
B c- C

,

F : Honda,B/ → Hon
,
/ Flat , FBI

honors of groups



C category with 0 object

Def A kernel of f : A- → B is a morphism

( : C- A sot .

foi =D
•

i universal for this property
⑥

We already defined cokernels
,
a c- limit .

1) wally ,
a

kernel is a knot of diagram

A

t

o→B



@ any category

Def AIB is a monomorphisn if

tf C
, gygz

:C - A sit . fog ,
: -5oz

thing ,
-
- gu

In this case ,
A is a sub object

of B

Dual notion of epimorphosis
A - B epimorphosis , say B is a

quotient object
of A



Def An abelian category is an additive

category srl.

• Every honour . has a kernel t a cokernel

• Every moron orphism is the kernel of

its Colcord

• Every epimorphosis is the coterie of its kernel

f g
ATB → Cokulf )
%

Kerby /← B-QC.lu (E)



Examples

• Ab

e Moda
• Ablxl

be a morphism in a category @
Let f :A→B

Def Imf :-. Kerl Coker f)

Exercise If Imf exists
,

f factors as

A -91mF - B , 9 epmo-ph.sn

If G
is abelian

Imf = Glee ( kerf )



Frey d- Mitchell Embedding Theorem

( abelian category .

The F my
A

and exact ( take > exact sequences
to

exact sequence
I

fully faithful

Ce → Moda

embedding C. as a
full subcategory .

abstract

So many Athenians
about general abelian

categories can be proven by diagram

chasing , as if they were categories

01 modules ! !


