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Prop ✗ is locally Noetherian if and only

if Y U = Spect CX open affine
,

A is a Noetherian ring . In particular ,

Spect is a
Noetherian scheme <

f and only

it A is Noetherian

Prut ← obvious

=L Suppose ✗ luc
.

Noeth
,

Secc -1 CX

✗ = U Seca Be
,
Be North

$
" Di

00
Spec A
[ Dlf ) -- Spectre)f

i. Spect can be covered by spectra of North rings .



Spca A = ✗

11=176-1
,
f- c-A

U= Snaps
D North

see B- See A - -
- - >

"
A - D

,
FEB image off

A. f=Bg North

i. ✗ can be covered with opens Spec Af
with Af

✗ g. e.
→ can cover with finitely many

Spec Af
, ,

-
-
Spec A.fr

✗ = D( f.) v. - 1)Hr )



( f.
,
-
. ,Er)=(1) Af

,

North

henna NCA ideal Qi : A → Age . ,
then

a. ñai"¥÷¥÷ 'til

pts C- clear

If he ai
' ( aim - Aa )

,

a ,lH=b÷!¥ a. en

n .

WLOG n= n
,=

-
- = Mr

Fm
, fi' ( fib - a) =D
WLU h m : on

,
= . - = Mr

M

= , fin"b I f
,

G
,

C- or



Put N -

- non
,
have fdvb c- or

,
c. =L

, -,r

( 11 :( fi
,
-

,
fr ) ⇐ D / f.) cover

✗

( 11 = ( f ,N , - . . fY ) ⇐
"

☐ If
,

" )

I = I c
,
fan hurt

→ b-- Ic,fYb_ c- or

D

Now pnm A Noeth .
Let 9

, corzcnzc - -

=, Cefn , ) . Af
,

c Clclnz ) - Agcccflnz ) -Afi - -

Eventually for JIM > 76 A
,
/ oh
,
) - Afi Qclrjti ) -Afi - -

WLOG same M for at i

→ oh
,

= 0kg , , = .
-

☐



Def f :X-4 locally of finite type if

4 can be covered by open affinis

Vc = Spec D; s.t. f-
'

WI conned by

open actually:SpccAi, sit

Acj is a finitely generated Be - algebra

f is of finite type if in addition each

f-
'

( Vo ) can be covered by finitely mom Uy
i. -1"'=④×Ai

,
Uy : specify

f f If
Sean __ Ve§ Y

BL



1) of fi ✗ → Y is a finite morphism

If F Coming
of Y by open a.

C. fines

vi. Secc B , S.C.

• f- ' ( ve ) is affine
,

e Spect,

• A
,
is finite as a B

,

- module

Remark : like the locally Noeth case
,
these

definitions are equivalent to requiring that

these properties hold for all open attire

subsets
.

See [ H ) Ex III. 3. I - # 2.3.4



Exs : X://tf.lt/AkI1AIH-- speak abusedrotation
Luc

.
Noeth

,

not Noeth n

A- E- k k - ktxnxn]
✗→ Speak

locally finite type , not finite tape

>
k
-

k finite fidelity-nd
✗ 1- y=x

'

lily] → ktxy
d

y my -

KEN = key ] - l t key]x act.

- O É /A
'

finite type , i' 1%14=45-0
N not finite

not aff

i=i%H -1g- of
spa ktxipcx,

i
' ( DW) -vD(x/ . Kimmy , E) kingly, f. g.



More about closed subs chore

✗ scheme YCX closed . Usually 4 has

many closed subsuhcne structural

Ex ✗ =/Ate Y :{ 01 m= lx.gl

Spec

ktx.gl/m2#ESpecktXiy7/ly,x3/Seuht+iiYx.ylkExiPkx3xy,y
'/

ktxijl
→ ↳ king ?/*,y ,
→ kindly /HIT

U -
•&

←→#
smallest

"



In general Y has a canonical
"

small at
"

sub scheme structure
,
the reduced induced closed

\

Subsehenc structure .

• ✗ = Spec A affine
,
YCX closed

f. Ft if 4=01.1-11or := Ng
ge☒t

Reduced induced structure defined by or

open
• Cover ✗ by naffivs Uci spec Bc

give Yn Uc CU , reduced induced structure

not show

Uc U
, •

Reduced inducers on YTU, cue , YIU, au,
are isomorphic on Yn Uc.nu,

• These isomorphisms are compatible on triple

intersection ,
Y n Ucnlljnlln



By now - standard techniques for comparing ope ,

affine s ,
suffices to show '

v. gpeea

U = Spec A ,
C- c- A

,

,
Viseu Af

reduced induced structure on

YNU from A agrees worth

reduced induced on Ynv from Ag
Need only compare ideal ,

- or
-

- M g ⇒ or Af = M

A > geYnu Ag -74 c- Ynv
I

fsee.AM/~--SrecAe/nAfA7efxfSpe.At



Dimension

✗ scheme din ✗ is its dimension as a tip

space = sup { n / 7 ✗
☐ C- Xie - -

C- Xn)
☒
,
distinct tried closed

( Krull dinerswi)
In particular dim Spec A- = dint

If 2- CX irred t closed

codinlz ,X / = Snp In / Z .

- Z.cz , - - czn )
Lf YCX closed

c- di - ( 4,111 : inf / codimftyxl /
. / y

• c- city
2- it 14A

"

Hill 7 ( y ) s o
cried

In 1A! Cudi- (101,11-12)=2 Colin / 1,11+11 want "HAH
= I l=inf( 2,1 , 2 . . )



[ HI II. 4 Separated and Proper Morphine

f : X - Y

diagonal morph -in D: ✗ → ✗ x¥
characterized by R , off = Paul = ldy

✗ ¥¥ÉT
It£1 't -1,4

Def ; f is separated if

D is a closed immersion



Prop Morphisms of affine scheme , are

separated

Pf : fi Spec B - Spect
"

✗

"

Y

✗ - ✗ xyx = Spec / ☐ ☒AB )

① ←BE Dead Ks=B%%¥
.

bib# 51032
D

b = ml boil

Ex : Ai
.

- Speck 1A
'

,<
✗ YAL - AL

s :/At -1A: ÷⇒|µ,
lily ) C- tix]kip

¥ Y



E. ✗ INK with origin doubled is not separate

over
K

✗ = U
,
U Uz Uce#

Uti - { 0) glued by
_•

identity of↳
✗ = U

i
,,=ip

Uc ✗ 4) glued by

identity of

c.SHIHµ'
÷

.it#-:--qqq:-iimDTx7a0n4slx1
in

Oz ,

DIX ' notched
4mV

" /Ñ slxtnup.ua =
%" ' " M

- J nut closed 1-meant



This example illustrates '

f :X -14 separated off SCXICXXYX closed

PI. =D clear

← must check

• ✗ 1- slxlcxxx honeo

• d*:O×××-1*0, say

✗ - six _%x

For 1¥ point ,
hem cont . inverse

Surjeutwity is local;
restrict to affine



Recall notion of valuation ring

R int .
domain

,
G value group , totally ordered

K quot . field of R

V : K - O → G sit
.

✓ ( Xy )
= ✓ ( X) tvly ,

V( ✗ + g) ? mini / v01, v41 ) if ✗ tyto

R :{ ✗ c- K - o : vcxlzo } v10 }
Claim R local ,

Max ideal me { ✗ c. K : vlxlso } v27

Pf m ideal Let 0 =/ a c. R
,
O =/ ben

,
show ab c- M

vlabl .

- vlaltvlb ? ? Otl > o so ab em . Similarly m closed under t

( R
,
n / local ⇐ R -In :{ units lulu . But o-tac.fm

⇒ Hat → VII. 1=0
=/ Ya c- R , Easier to see a unit =) a c. R - m ☐

Seein ' 1107 , ml •D
to -

- M

-4=67
Speck ' { l - 1) clown generic


