
tf ,g pre sheaves
of abelian groups on ✗

Def a homomorphism of pre sheaves Q : G- → g
is a collection of homomorphisms

Atul : Flul → glut
such that for each VCU qlul

Flirt → 7g Int
Pur t G Pur

Flu # glut

An isomorphism is a homomorphism with a two - sided
inverse

IG F
, g are sheaves on

✗
,

a

homomorphism Cl : g- → G of sheaves

is a honour . of ere sheaves

category Ablxl



Local ← Global : Sheaf Theory 1- HIM

✗ topological space

④ ( X ) ring of continuous fans on
✗

UCX open @ ( h )

UcV¢x) f- c- CM Eich restriction

Puvlf) = flu
ucvcw feclwl Cfluvlluiflw
Cld )=O

C. presehecf of rings on ✗



• U = U Ue f c- Glut flu ,=o Hi

•

→ f-- o

• Given fu c- Glue > such thtfclu ,µj f) lu.nu,K,j
If c. Clut sit . flu

,

-_ F. c -

C is a sheaf of rings on
✗



I

Let ✗ be a topological space

Def A preshecftf of abelian groups
( rings, sets, - - l

on ✗ is the assignment of an abelian group

( ring , set
,
. .

7 Flu / to each open UCX

and to each inclusion of opens 11 Cy

a homomorphism ( morphism of rings , sets. - )

Puv : Flat - Flu )

sack that Flu ) -77W

• It WEVCU
, Paw = Pvwopuv

• 9-107=0



Examples

• ✗ algebraic variety Oy preshecf of regular

functions on
✗

,
Oyly , =

ring • f. regular
fans on 4

VCU : Pau : 0×141 -0×1*1 is
-

restrictor

Ox is a sheet

• G abelian group ,
✗ top . space

~

constant presheccfg Often write

g- Kul = a tu -44 sly for
VCU Puv = Ida Pnu ( S )

§ is It a shed
for any

sheaf



Ex ✗ = C④ with Euclidean topology

0
q.hu ,

= sheaf of holomorphic functor ,
,
+

"

on
UOf halal =

*
= ghecf of nowhere vanishing hot

.

fans
,
✗

Ooh

Q : 0% ,
- Ot

E
,
bul

au Den.int -094.1
f 1- ezitcf



Return to constant preshecf § associated to G

glu.ua . ' 9 , -49264
11

) ) 7? go.GG/q=g , sluice

U
,

Uz U = U ,uUz

~

has an associated sheet JHowever §

glu )
= set of locally constant

functions U- G

VCU Pur restriction

( Agrees with description in TH])



Let F be a pre >heat on ✗

-1hm F a sheaf Ft on ✗ and a

homomorphism Q : tf →Ft

Sati string the following Universal property .

if Shean, g , honor 9- → g
7- → gF ! hon 9-+4-19 sit .

Furthermore Gt is
. unique , up

h a

¥
unique isomorphism -

See [ V1.3] for generalities about

universal properties



Please read the proof in the text !

It contains fundamental idea

Pf of uniqueness Suppose 9-
+

,
7ft both

satisfy the universal property . We therefore

have morphisms

g.
* ¥+9T
It

Since Clt : F - It satisfies the universal

property , have 4 :& -2ft
,
4. qt=q~+

Similarly , hon
Ñ : It- Ft , t.qt.at



g-
→ g-

+

2+94
☒ It

g- 9-
'

g-
t

little.it?iytce
By uniqueness F. 4 =ldgt

Similarly 4°F = legit
So ✗ and Ñ are uniquely determined

inverse isomorphisms



Language of limits in [1-1] is old
.
We will

use more common modern terminology from [ v7

[ V7 EH ]

limit → inverse limit

Colinit ← direct limit

We will discuss colinits and apply to the

stalk Fp of a sheaf F at pet



Def :(et I be a small category ( objects and morphisms

are sets ) , Ce an arbitrary category
.

A

diagram in G indexed by D is a functor

F : I - G

we write C
,
= Fli ) for each ie 061

A colonist of the diagram is an object denote,

- 112 Cc c- 0lb let
→

together with morpheus f, :C ,
-71:-C,U-cs.CC¥

Flmlt line
,

commutes tf rn : i- j
c

c
, -1T$

which satisfies the following universal property :



It Be 05101 and morphism 's

Sc : Cc - BV-us.t.ci
Fluid
¥

commute . Y m : c- → j ,

c
, -;

"

F ! I
:c .
- B so that all of

the following diagrams

commute

GET,
1=141 II. a B

c)→
It follows that culinits

,
if they exist

,
are unique up to

a unique isomorphism



Example : Co kernels

Let I be a category with two objects and

I M 2

two nontrivial morphisms •⇒•
.

Let f : A, -7 Az be a homomorphism of abella- groups .

Let Ab be the category of abelian groups ,
and consider

F : I → Ab fly = Al,F(21--1-2 ,f(ml=f , f(nl=o

- A
,

Ar

Clan ; Ai = Coker f- , together with no
-phis - r

o

Al °→ eolunf ; Az → eokuf canonical once ?

A
,
-4 B #Az sit

,

"

A , S ' Ais ,
r ft B of B commit

AE ga AL Ty,⇒
g.

,
:O =) 92 factors through

Colm f
,

-

so A
,

c.kerf → B
c- I
A<Ég,



Stalks of Sheaves

G- sheaf of Abelian gps on
×
, PEX

05187 = { pell CX ) open nbhd of p .

→ Morlun / = { you }

F :D - Ab Flu ) = 9- ( ul

F ( Vcu ) = puv : Flu > → Flu /

Fp : : 1in 7141
, gt.lk off at P -

I

RK : via 7- ( ul - Fp ,
self /ul represent,

an ett of Ip 9- In / → of
,é÷Éw "Vcr



G-
p :{ Luis> / peu ,seFlW3/~

U V

☒ (U ,s> ~ ( v ,t7 if I pewcunv

slw=t1w
W

Q : 9- → g induces

Up _.Ip→g,
V- Pex

I %
Flat → g- Ivy peut §Pp
ai¥iF" ' yay - got



Prof Q : G- → g morph of sheaves . -
✗

A isomorphism⇐ Up is on V-E

Pf See text



Q:D → Of morphism of sheaves

Presheaf kernel ( ul = kn ( Flat → glut /

Preheat image ( ul e In ( Flat -191911

Pre sheaf cukerncl (ul = Cohen ( F- ( ul -19411

Kerce = pre >heat kund
.

in a = ( pre in? +

Coker a =
( pre Cola )

+

Del. A injective if Yu chul injector



Important case : F' C F subsheaf

Inclusion morphism 2 " F
"

-F injective .

G- / £ : = colon 17

Back to Q : 7- → g sheaves

Flu ) → imlalullc oglu ?

Image pushed Cigof -1
t ii.

→

incl = ( image prshedift
'

Clan in Q → g injective

in a
"
is
"

a sub sheaf
of g

Def a surjective if ima = g



☒

É× % ,h,
& Oq ,↳ ,

is surjective

U = = G- 0

Oqn.lu/-i0tlu#nItsurjectieC,h-l
Fo - any

11 , f- c- 0
"

(v1
,

show
9h - l

fecal V1 ,
c. e. ✗ = Ulli

fly c. Image peshed.IN/

For this
,

take all V , simply connected

flu
,

= 9 ( ¥, log flu . )



Exact sequence
of shears - - → F

' - 'Ii
'

Flaig' .
.

exact = -

Kenai = In a " '0 → Ft, g f injection
(⇒A-F-it:-&:|of Ig → o exact# surf

excel

continuous

f : ✗ → Y
,
F sheaf on X

, G sheaf on!

Def f- F ( n) = 9- If
-
'

Ivy ) vcucy
e t f- 'Hit -Yul

(f- '

g) In / = ¥ 9141 ucx

ftucvcy

zÉx 7- Iz a c-
' 7-



Question : let B be the sheaf of sections

( to be described below ) of a bundle B u - X .

Let c : 2- → ✗ .

Is B)
z

the sheet of

sections of the restriction of ☐ to 2- ?

Answer : Yes

☐ * ✗ bundle , typical fiber F

B sheaf (on X ) of sections of DB :

I

UCX open

☐ full = { s :U→D sit
.

a) s continuous

b) Tos = Idu /


